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Summary

This work deals with stabilized finite element formulations in geomechanics. Many low-order
elements exhibit a tendency to volumetric mesh locking at the incompressible elastic limit or
in plastic computations. Literature proposes different remedies to overcome this deficiency:
mixed displacement-pressure formulations, selective integration techniques - among which the
so-called B method, and enhanced assumed strains [12][51] are popular ones. The B method is
known to handle the incompressible case in both elastic and plastic regimes. The standard B
method described in [28] does not however predict correctly the dilatant plastic case, and such a
formulation for simple elements like the linear triangle is not available. The enhanced assumed
strain (EAS) method handles dilatant plastic flows, but again there is no EAS formulation for
linear triangles.

Mixed displacement-pressure formulations will work correctly provided that the Babuska &
Brezzi [1][5] conditions are fulfilled. These conditions put a restriction on the fields interpolating
the displacement and the pressure. A simpler way to assess good behavior of an element is to
have it undergo a patch test [61][64]. If the element fails to pass the test, spurious oscillations
in the pressure field may happen, and displacements will be subject to kinematic constraints:
the element locks. In particular, this is the case for the quadrilateral element with bilinear
interpolation (Q4) and the linear triangle (T3) with equal order interpolation fields for both
displacement and pressure, as also shown by the constraint count rule [28].

Using simple (bi-)linear elements is often desirable in order to reduce cost of computation
and simplify mesh generation, mainly in three-dimensional cases. A simple formulation capable
of handling all of incompressible elasticity as well as incompressible or dilatant plasticity would
be therefore of great use. This formulation should also allow mixing different element types in
the same mesh. In this work we try to establish such a formulation, based on what has been
developped in the last 20 years mainly in the field of fluid mechanics.

In chapter 1, a state-of-the-art of stabilized methods applied to advection-diffusion, fluid
and solid mechanics is presented, with particular emphasis on the two types of stabilization
that will help us build our finite-element scheme: Galerkin Least-Squares (GLS) [16][30] and
Finite Increment Calculus (FIC) [42][43] formulations. The second chapter is a recall of governing
principles of mechanics, constitutive modelling, as well as standard finite-element techniques, for
both elasticity and plasticity, from which our formulation will be derived. The B method is also
described. The third chapter is the kernel of this work: a mixed formulation applied to elasticity
is derived, and the expected problems of the standard Galerkin formulation are illustrated on the
driven cavity flow example. A stabilization scheme based on the GLS technique is proposed and
validated. The discussion then focalizes on the weighting part of the stabilizing terms, including

epe)2
the stabilization factor 7 = %’L—L [27]. It is shown that neglecting some terms in this weighting

vii



viii SUMMARY

part (therefore getting a modified-GLS ”SUPG-like” method) can simplify the derivation. A
nonlinear formulation is then derived in order to handle plasticity. Linearization of the weighting
and the residual part is carefully exposed. Then a FIC-scheme derivation is carried out, based
on the original FIC method. It provides on the one hand a tentative physical justification for
the nature of the stabilizing terms, and on the other hand a directional character is introduced
in the formulation. Last but not least, the Laplacian pressure operator scheme (also called
“K;p only”) is introduced [44]. This formulation is obtained by adding to the original mixed
formulation stabilizing terms built on the Laplacian of the pressure.

Three plane strain benchmark problems validate the approaches and are used to calibrate
the stabilization factor: the thick cylinder test loaded by an internal pressure, a vertical cut
stability analysis and finally the bearing capacity of a strip footing. Plastic models considered
include von Mises and Drucker-Prager. It is shown that the modified-GLS and the Laplacian
pressure operator scheme (“K]’m[J only”) methods handle the three problems correctly with 0.1
< a® < 1. The advantages of the FIC-scheme method have yet to be proven, but in the
majority of cases the results obtained are in good agreement with the two other methods.
The fourth chapter deals with the numerical implementation of the proposed formulation. The
code is written in C++; it extends a linear version of an object-oriented finite-element code
developped at EPFL [14]. The basic features of object-oriented programming are recalled, then
the hierarchy of classes is discussed, with particular emphasis on the main classes which handle
the nonlinear computation and the stabilization process. The methods which make a stabilized
element possible to compute its elemental contributions are shown. Finally conclusions are
drawn, including recommendations for the choice of stabilization.



Version abrégée

Ce travail traite des formulations stabilisées d’¢léments finis en géomécanique. Les éléments
finis d’ordre inférieur (fonctions d’interpolation linéaires) ont tendance & verrouiller en présence
d’élasticité incompressible ou de plasticité. La littérature propose plusieurs remédes pour sur-
monter ce probléme: les formulations mixtes déplacement-pression, les techniques de sous-
intégration (parmi lesquelles on trouve la méthode B) ainsi que les méthodes de déformations
assumées (Enhanced Assumed Strains ou EAS, [12][51]) en font partie. La méthode B traite
de maniére correcte le cas incompressible en régime élastique comme en régime plastique, mais
le probléme avec la méthode décrite par Hughes [28] est d’une part son incapacité a prédire
correctement le cas de la plasticité dilatante, et d’autre part absence d’une telle formulation
pour un élément simple comme le triangle linéaire. La méthode EAS traite pour sa part de
manicre satisfaisante les cas de régimes plastiques dilatants, mais & nouveau il n’existe pas de
formulation EAS pour les triangles linéaires.

Les conditions mathématiques de Babuska & Brezzi [1][5] sont nécessaires pour que les formu-
lations mixtes déplacement-pression fonctionnent de maniére correcte. Ces conditions imposent
riction sur 'ordre d’interpolation des champs de déplacement et de pression. Un moyen
plus simple de s’assurer du bon comportement d’un élément fini est de lui faire passer un ”patch-
test” [61][64]. Si I’élément ne passe pas ce test, le champ de pression sera généralement sujet
A des oscillations parasitaires et les déplacements seront soumis & des contraintes cinématiques
entrainant le verrouillage de 1’élément. C’est le cas en particulier pour le quadrilatere (Q4) bil-
inéaire et pour le triangle (T3) linéaire possédant une interpolation d’ordre ¢gal pour les champs
de déplacement et de pression. On utilise aussi parfois une approche heuristique, la régle du
décompte des contraintes (”constraint count rule”, [28]), permettant de déterminer Paptitude
d’un élément a se comporter de maniére adéquate dans des situations incompressibles.

une res

L’utilisation d’¢léments d’ordre inférieur est toutefois souvent désirable afin de réduire le
temps de calcul et de simplifier la génération des données, particuliérement en 3D. Une formu-
lation permettant de résoudre les problémes d’¢lasticité incompressible et d’élastoplasticité a
Paide d’¢léments simples (linéaires) serait donc précieuse. Cette formulation devrait également
permettre le mélange de différents types d’¢éléments dans le méme maillage. On tente dans ce
travail d’établir une telle formulation sur la base de travaux effectués durant les 20 derniéres
années, principalement dans le domaine de la mécanique des fluides.

Dans le premier chapitre, une bréve revue de I'utilisation des méthodes stabilisées dans
les domaines de I’advection-diffusion et de la mécanique numérique des fluides est effectuce.
On s’attarde principalement sur deux approches qui vont nous aider & établir notre propre
formulation stabilisée: I'approche de Galerkin aux moindre-carrés (Galerkin Least-Squares ou

GLS, [16][30]) et 'approche de calcul aux incréments finis (Finite Increment Calculus ou FIC,
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[42][43]). Le deuxiéme chapitre est consacré & un rappel des principes fondamentaux régissant
la mécanique des milieux continus, de certaines lois constitutives (¢lastoplasticité) et de formu-
lations d’¢léments finis standards. La méthode B est également introduite a ce niveau. Une
formulation mixte appliquée a I’élasticité est dérivée dans le troisiéme chapitre, et les prob-
lemes de la formulation standard sont illustrés sur un exemple d’écoulement dans une cavité
(probleme de Stokes ou d’élasticité incompressible). Une méthode de stabilisation basée sur la
technique GLS est proposée puis validée. La discussion se porte ensuite sur la pondération des
termes stabilisants, et plus particuliérement sur la facteur de stabilisation 7 = #’:’)Z [27]. On
montre qu’on peut simplifier la dérivation de la formulation en négligeant une partie du terme
de pondération (on parle alors de formulation GLS-modifiée ou SUPG) sans affecter la qualité
des résultats obtenus. Une formulation non-linéaire est ensuite dérivée afin de traiter le cas
de I'élastoplasticité. Le processus de linéarisation des termes de pondération et des résidus est
expliqué en détail. On s’attache ensuite & la dérivation d’une formulation basée sur ’approche
FIC (on lappelle FIC-scheme). Cette formulation nous fournit d’une part une tentative de
justification physique de la nature des termes stabilisants, et d’autre part elle introduit un car-
actere directionnel. Enfin, une formulation appelée Laplacien de la pression (Laplacian Pressure
Operator Scheme ou LPOS, [44]) est introduite. Cette formulation est obtenue en ajoutant a la
forme mixte matricielle originelle des termes émanant de la divergence de 1’équation d’équilibre
débouchant sur le Laplacien de la pression.

Trois exemples sont testés afin de valider les différentes approches présentées dans ce tra-
vail: le cas du cylindre épais chargé par une pression interne, 'analyse de stabilité d’un talus
vertical et la capacité portante d’une fondation superficielle. Les modeles plastiques consid-
érés sont von Mises et Drucker-Prager. On peut conclure que les formulation GLS-modifiée et
LPOS fournissent des résultats équivalents et satisfaisants pour un choix du parameétre a® tel
que 0.1 < o < 1. Les avantages de la formulation directionnelle (FIC—schcmo) sont encore
A prouver, mais dans la majorit¢ des cas les résultats obtenus a I'aide de cette formulation
correspondent aux deux autres approches. Le quatriéme chapitre traite de I'implémentation
numeérique de Papproche stabilisée. Le code, écrit en C++, est basé sur un code linéaire orienté-
objet développé a PEPFL [14]. Les principes de base de la programmation orientée-objet sont
rappelés, puis la hiérarchie des classes est fournie et les classes principales sont décrites en détail.
On énumere ensuite les méthodes permettant & un élément stabilisé de calculer et de fournir ses
contributions élémentaires au systéme global. Enfin le chapitre 5 conclut cette étude et fournit
des recommandations sur le type optimal de stabilisation.
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Notations

The following symbols and abbreviations are used in this thesis:

05 stress tensor
Oij Kronecker’s symbol
o stress vector with components (in 3D): o = {011, 029, 012, 033, 013, 023}

Kronecker’s vector (in 3D): 1 = {1,1,0,1,0,0}"

€55 total strain tensor
ij
C%- plastic strain tensor
€ total strain vector with components ordered as above
eP plastic strain vector with components ordered as above
w; displacement component
u displacement vector
P mean pressure
wy displacement weighting function component
w displacement weighting function vector
q pressure weighting function
Dijri clastic constitutive tensor
Dij deviatoric projection of the elastic constitutive tensor
RUU U I~ = . - - -
D“, D D™ D" clastoplastic tangent constitutive submatrices
TSUU TFUP TPU PP . .
K K"K K stiffness submatrices
F,, F, right-hand side subvectors
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NOTATIONS

displacement shape function
displacement shape function vector
pressure shape function

pressure shape function vector

some quantity (-) at iteration 4

some quantity () at step t,,

increment of some quantity (-)

indicates derivation of (-) with respect to x;
gradient of some quantity (-)

symmetric part of the (-) gradient = Qﬂ;—()u
absolute value of ()

some quantity (-) at an element node

some quantity (-) approximated inside an element
elastic part of some quantity (-)

plastic part of some quantity (-)

elastic trial value of some quantity (-)



Chapter 1

Introduction

1.1 Methodology

The aim of this work is to find a stable finite element formulation in the field of geomechanics.
Standard finite element formulations exhibit pathologies such as spurious oscillations in the stress
field or locking in the displacement field as soon as they deal with incompressible or dilatant
media. Selective integration or mixed methods allow us to overcome some of these deficiencies,
but while on the one hand the B method described in [28] is restricted to incompressibility
and particular elements, on the other hand interpolation fields for mixed displacement-pressure
methods are restricted by a mathematical condition (Babugka & Brezzi [1][5]) and therefore
convenient choices such as equal low-order interpolation fields for both unknowns are prevented.
Stabilization methods were developped mainly in the past two decades, motivated at the early
stage by the need of overcoming spurious oscillations in convection-dominated flows (first pre-
sented by Brooks & Hughes in 1982 [4]). The idea was to circumvent the Babuska & Brezzi
condition by adding stability to the finite element scheme without upsetting consistency. One
of these methods, called Galerkin Least-Squares (GLS) [16][30], consists in adding least-square
terms based on the residual of the equilibrium equation to the original mixed formulation. Sta-
bilizing terms can be put in the following form introducing the intrinsic time scale (commonly
called stabilization parameter) 7:

el

ze: /ue T (l:wh)T (l:uh — f) dQ)

(Euh +f ) is an abstract notation for the left-hand side of the differential equation governing
the problem where £ is a differential operator and w” is the weighting function corresponding
to u®. In this work we try to apply this idea to the geomechanics field. The development goes
through the following steps:

e Extension of an exisiting linear object-oriented code to nonlinear finite element analysis.
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The implementation of different plastic models (von Mises and Drucker-Prager), elements
(Q4, T3) and formulations (B, mixed u-p) has been carried out. Benchmarks confirm the
shortcomings of standard methods and therefore a new stable formulation is sought.

Development and application of appropriate GLS formulations to our benchmark prob-
lems. The full GLS stabilizing scheme has been tried first on the incompressible elasticity
problem. Systematic tests have then shown that results of equal quality could be obtained
neglecting the displacement part in the weighting term, therefore keeping only the gra-
dient of the pressure (giving rise to a modified-GLS scheme, form-similar to the SUPG
approach). This is confirmed on incompressible and dilatant plasticity. Another argument
in favor of ignoring the displacement contribution in the weighting part arises from lin-
earization difficulties in the plastic case. The nature of the so-called stabilization factor - a
contribution in the stabilizing terms whose justification can be established by dimensional
analysis - has also been scrutinized.

In the context of linear computational fluid dynamics, stability of these enhanced finite
elements can be proven through error analysis, while consistency is retained as the residual
of the equilibrium equation is present in the stabilizing terms. In the nonlinear case, an
error analysis of the same kind is very tedious, not to say impossible. Therefore, another
scheme based on the Finite Increment Calculus (FIC) approach [42][43] was implemented
in order to provide a tentative physical justification of the presence of stabilizing terms,
emanating from equilibrium over a finite-dimensional balance domain with high-order Tay-
lor approximations. We have brought up the similarities that this approach (FIC-scheme)
shares with modified-GLS. It also introduces a directional character in our formulation
that may be desirable in some situations like directional plasticity (multilaminate model)
or finite strains.

Another approach brought up by Brezzi & Pitkéranta [6] and used for the first time by
Pastor et al [44] in the soil mechanics context stabilizes the pressure equation by adding
the pressure Laplacian resulting from the divergence of the equilibrium equation (Lapla-
cian pressure operator scheme (LPOS) also cited in [42]). This approach has also been
implemented in order to compare results with modified-GLS and FIC-scheme approaches.

Four different benchmarks have been carried out in order to validate the different ap-
proaches. First, the modified-GLS scheme has been calibrated on an incompressible elas-
ticity (or Stokes) problem: the driven cavity flow. Then, three elastoplastic tests have
been performed: the thick-cylinder loaded by an internal pressure, the stability analysis of
a vertical cut and the bearing capacity of a strip footing. These benchmarks have shown
that both the modified-GLS and the LPOS methods give the same results: they stabilize
the pressure field and avoid volumetric locking even in the presence of different element
types in the same mesh. The FIC-scheme approach almost fulfills the same expectations
but sometimes has trouble to converge and a real need for its directional character has yet
to be found. Finally, these benchmarks have also allowed us to calibrate the stabilization
parameter 7.
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1.2 Governing Equations

For sake of clarity, let us review here the governing equations for three problems, namely the 1D
advection-diffusion problem, the incompressible steady-state Navier-Stokes equations and the
mixed form of nonlinear solid mechanics.

1.2.1 1D advection-diffusion problem

The 1D advection-diffusion governing differential equation can be written:

—uvd ,+ ko +f=0 (1.1)

where the comma denotes differentiation. In Equation 1.1, w is a known velocity field,
v the advective parameter, ¢ the transported unknown (temperature for instance), k is the
conductivity and f the source term.

1.2.2 Incompressible steady-state Navier-Stokes equations

The multi-dimensional incompressible Navier-Stokes equations of motion governing the mechan-
ics of a Newtonian fluid can be expressed as:

—pujuig + oy + fi = 0 (12)
Ui5 = 0 (13)

with the following constitutive equation expressing the stress o;; in function of the velocity
u; and the pressure p:
03 = —pbij + 2ies; = —pbij + 2pu 4 (1.4)

p is the fluid’s density, p its viscosity, A the other Lamé parameter. Neglecting the convective
term puju; ; in Equation 1.2, we get the incompressible Stokes equations:

ot fi = 0 (1.5)
wii = 0 6

5

This set of equations is known to govern as well incompressible elasticity in the field of solid
mechanics, where u; is now the displacement field and p the shear modulus.
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1.2.3 Mixed formulation for solid mechanics

If we consider a mixed approach (displacement-pressure) of solid mechanics in a general sense
(plasticity included), the following set of equations can be used:

o+ fi = 0 (1.7)
w, - L =
Ui ~ 0 (1.8)

The first equation results from equilibrium, while the second is a constitutive equation for
the pressure (therefore called pressure equation). This latter equation expresses the fact that the
mean pressure is proportional to the volumetric part of the elastic strain [64]: p = Kef = Ku§,,
where K is the elastic bulk modulus. The incremental constitutive equation linking Aoy, A’;li
and Ap reads:

Acyi(u,p) = Dyjia [Acia(u) — A (u,p)] + 65Ap (1.9)

with D the deviatoric projection of the constitutive matrix (defined in chapter 3 in Equation
3.3).

1.3 Goal of Stabilization

In advection-diffusion or Navier-Stokes problems, there are two main sources of potential nu-
merical instabilities. The first is due to the presence of the convective term, which can be the
cause of spurious oscillations in the solution when it becomes predominant with respect to the
diffusive term. The second source of numerical problems lies in the choice of interpolation for the
unknown fields. It is well known that, for instance, equal-order interpolation for both the dis-
placement and the pressure will produce strong oscillations in the pressure field. This prevents
us from using standard (bi-)linear elements which are of good practical use, easy to generate
with a preprocessor and cheap speaking of computational costs. In the context of nonlinear
analysis of solids involving plasticity, both of these problems are present. The first of the above
problems is difficult to notice at first sight, although the plastic part of the increment of defor-
mation presents similarities with the convective term, but the second problem arises as soon as
equal interpolation fields are chosen. Along with pressure oscillations, we denote a tendency to
volumetric mesh locking either for incompressible elasticity or plasticity. Stabilization applied
to soil plasticity should therefore:

e climinate spurious oscillations in the pressure field

e overcome locking phenomena in all cases (incompressible elasticity, incompressible or di-
latant plasticity)

e allow the use of low-order equal interpolation elements
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Yet another point is that common techniques that have been developed cannot usually ac-
comodate different types of elements in the same mesh, like for instance linear triangles and
bilinear quads. We therefore also would like the stabilized approach to:

e allow the mixture of different element types in the same mesh

We will now make a review of stabilized methods applied to advection-diffusion, fluid me-
chanics and solid mechanics. A particular attention will be given to two approaches, namely the
ones derived by Hughes and Ofiate, as they are cornerstones for our later developments.

1.4 Review of Stabilized Methods

1.4.1 Origins of Stabilized Approaches

Numerical methods for solving problems governed by partial differential equations do not always
converge to the desired result. Methods such as finite differences or standard finite elements
exhibit an unstable character when certain conditions are fulfilled. This is the case for instance
in convection-dominant advection-diffusion problems, or in the incompressible limit for fluid
flows or elasticity. This is also the case by extension in nonlinear problems such as the one
which is of interest here, namely elastoplasticity applied to geomechanics.

In the finite differences applied to advection-diffusion cases context, an artificial (or bal-
ancing) diffusion is often added to the original scheme for two reasons: counter-balance the
overly anti-diffusive character of the finite differences stencil and fight numerical instabilities in
convection-dominant cases. The presence of this balancing diffusion can also be established by
upwinding the advective term, giving rise to a stable formulation that may lose its accuracy
(becoming overly diffusive).

In 1982, Brooks and Hughes introduced a multi-dimensional generalization of optimal up-
winding schemes in their paper [4] about Streamline Upwind/Petrov-Galerkin (SUPG) formu-
lations. They added streamline-upwind contributions to the weighting part of the weak form of
the problem that contributed to enhance the stability of the method without compromising its
consistency as these contributions weight the residual of the governing differential equation and
therefore vanish when the approximate solution is replaced by the actual one. The ”streamline”
term finds its justification in the fact that upwinding effects are only necessary in the direction of
the flow and should not generate a spurious crosswind diffusion. They also extended the method
to the incompressible Navier-Stokes equations, giving rise to the use of the application of such
methods to mixed problems such as the one, involving displacements and pressures, governing
equilibrium and continuity in the field of elastoplastic solid mechanics (Equations 1.7-1.9). John-
son et al [35] analyzed the SUPG method from the mathematical point of view in the context of
the multi-dimensional advection-diffusion equation and established optimal convergence rates.

In 1984, Brezzi & Pitkiiranta [6] introduced another kind of stabilization for the Stokes
problem, based on changing the discrete incompressibility condition by adding a term of the

= —
form Y h2 | VPRV andS2, where he is a characteristic length of the element, py, the approximated
pressure field and g, the corresponding pressure weighting function.
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1.4.2 Mixed Problems Issues

Another source of instabilities in a mixed displacement-pressure formulation is the possible
inappropriate combination of interpolation fields. Several techniques can be used to assess good
behavior of a finite element. From a mathematical point of view, the Babuska & Brezzi (BB)
conditions [1][5] are requirements which guarantee that the finite element solution exists, is
unique and converges at optimal rate. These conditions are rather technical, and difficult to
comprehend without strong mathematical background. A simpler procedure called constraints
counts [28] permits to assess whether or not an element will lock. Another alternative to the
fulfillment of BB conditions is the patch test [61][64]. Typically, a finite element based on equal
low-order continuous interpolations for displacements and pressures does not pass this test and
therefore produces locking in the displacement field and oscillations in the pressure field.

1.4.3 Stabilization in the CFD and Advection-Diffusion Fields

After the pioneering work done by Brooks & Hughes [4], a Hughes, Franca & Balestra [27]
contribution on a stable Petrov-Galerkin formulation for the Stokes problem is of particular
interest for us as governing equations match the ones of incompressible elasticity. In this paper,

C(ReY2
a stabilization factor of the form 7 = %%L is introduced and provides a model for our own
stabilization factor. Tezduyar [57] calls this stabilization scheme pressure-stabilizing/Petrov-
Galerkin (PSPG). In his paper he introduces a method to handle incompressible Navier-Stokes
equations.

A generalization of the concept of stabilization has been made in the late eighties by Hughes,
Franca et al [16][17][30], giving rise to a class of methods called Galerkin Least-Squares (GLS).
The least-squares terminology is justified by the fact that the stabilizing term results from the
derivative of a least-squares potential [31]. Various forms of this stabilization scheme have
been applied to advection-diffusion and computational fluid dynamics [19][20] among which a
modification of the GLS formulation has been proposed by Douglas & Wang [13] on the Stokes
problem: a change of sign in a part of the weighting term of the stabilizing term produces
better results for high-order interpolations. For linear interpolations however both methods
coincide. A comparison study between SUPG and GLS formulations has been carried out on the
incompressible Navier-Stokes problem by Hannani et al [23]. Franca et al [18] have introduced a

=
method called Galerkin Gradient Least-Squares (Gt/LS) obtained from adding to the Galerkin
method a term obtained from a least-squares form of the gradient of the Euler-Lagrange equation.

Onate [40] has introduced the concept of balance over a finite-dimension domain to justify
the existence of stabilizing terms. He applied his method to advection-diffusion and fluid flow
problems and showed the equivalence of his concept and methods such as SUPG and GLS. Later
he generalized the notion of Finite Increment Calculus (FIC) procedure [43] on incompressible
Navier-Stokes equations.
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1.4.4 Stabilization Parameter 7 Selection

In the context of incompressible Navier-Stokes equations, Franca & Frey [20] introduce the
following form of the stabilizing factor:

h’e
T = gptRes) (1.10)
m|u|h®
S U 111
Re, m (1.11)
Ree if 0<Re.<1
&[Ree) = (1.12)
1 if Re, >1
.1
m = mln{g,QCk} (1.13)

For low R 1ds bers R educes to 28 ¢ ting C}, involves error estimates
or low Reynolds numbers Ree, 7 reduces to =g-—. Computing C}, involves error estimates
methods which can be carried out in linear cases (see for instance Harari & Hughes [24]) but
would be rather difficult in nonlinear situations. A calibration of 7 = %Z_'LZ (by analogy with
[27]) through parameter a® is therefore more appropriate to our elastoplastic problems.

Hughes [32] has developed a global methodology regrouping the concepts of multiscale mod-
els, bubble functions and stabilized methods through Green’s functions giving rise to an ex-
pression for the stabilization factor. Several other authors have shown an equivalence between
enriched finite elements with bubble functions and stabilized methods (see for instance Brezzi
et al [7], Russo [48] or Zienkiewicz & Taylor [64]).

Finally in [40] and [43], Onate gives an iterative scheme for the computation of the stabi-
lization parameter based on a diminishing residual procedure.

1.4.5 Solid and Structural Mechanics Applications

Several structural problems have received attention in the stabilized methods research field. For
instance, Timoshenko beams have been studied by Grosh & Pinsky [22] with the help of the
GLS and the GGLS (Generalized GLS) methods, and Reissner-Mindlin Plate Theory has been
scrutinized by Hughes & Franca [29)].

Truty et al looked into the stabilization of mixed elastoplasticity [58][59] and two-phase
consolidation problems [60]. Still in the soil plasticity context Pastor et al [44] stabilize the
pressure equation by adding the pressure Laplacian (Laplacian pressure operator scheme (LPOS)
also cited in [42]) resulting from the divergence of the equilibrium equation. Pastor et al [45]
have introduced a fractional-step algorithm yielding a stable low-order formulation for problems
in undrained soils. Similar time integration schemes - which yield stabilized forms when steady-
state conditions are recovered - have been scrutinized by Zienkiewicz & Wu [62] and lately a
general algorithm, the characteristic based split procedure, has been introduced in the CFD field
(see [65]).
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1.5 Galerkin Least-Squares (Hughes’ Approach)

We will consider here the 1D advection-diffusion problem, governed by Equation 1.1. First, we
will examine the classical finite differences method and compare it with the upwind method which
cures the instability of the classical scheme in advection-dominated cases. The exact artifical
diffusion method will be discussed, and give rise to a Petrov-Galerkin finite-element scheme.
Finally the Galerkin Least-Squares (GLS) approach will be introduced as a generalization of the
Petrov-Galerkin scheme. This development is based on [31].

Remark 1 if we set the advective parameter v to be equal to 1, the exact solution of Equation
1.1 without source term (f =0) is:

T
o(x) =01+ cxp(Pz) (1.14)
where L is the length of the considered domain, ¢1 and co are constants defined by boundary
conditions and P =wuL |/ k is the Peclet number.
1.5.1 Finite Differences

Classical Scheme (Central Differences)

Consider a uniform mesh of Appay segments of size h (see Figure 1-1). At node A, the differential
operators present in Equation 1.1 are approximated by difference quotients given by:

up L(r4) = u% (1.15)
‘ Pap1 — 204+ by .
ko p(14) = k:% (1.16)

and thus we now have to solve, for 1 < A < Apax — 1

/

apr —Pa1 |, Par1 — 204+ da
—u +k 5
2h I

+fa=0 (1.17)

Unfortunately, for numerically advection-dominated cases, i.e. when the element Peclet

number « defined by:

uh
= — 1.18
@ 2k ( )

is greater than 1, the solution oscillates (see Figure 1-2).



1.5. GALERKIN LEAST-SQUARES (HUGHES’ APPROACH) 9

u(x)
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h Al A A+l
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X

Figure 1-1: Uniform mesh

Upwind Approximation

Upwinding the advective term, i.e. expressing it with a difference quotient taken upwind of
point A (with respect to the velocity u direction):

‘ P4 —da
U L (r4) = u% (1.19)

leads to the stabilization of the numerical solution (see Figure 1-2), although we can notice
that upwind differences are overly diffusive.

An interesting feature of the upwind scheme is that it can be written in the following form:

‘ G4 —Pa1 _ a1 — sy uhPayn — 204+ sy
b o(x4) = = _u 1.20
ud(ra) = u="—p o 2 12 (1.20)

Regrouping Equations 1.16 and 1.20 allows us to write the numerical problem as:

Pap1— Pa uh\ Qg1 =204+ day
—y—— k+— ) —/—F—— = 1.21
u 2 + ks 2 +fa=0 (1.21)

and when we compare this form with Equation 1.17, we see that upwinding the advective

term has introduced an artificial diffusion “7'1 into the central difference scheme.

Exact Artificial Diffusion Method

We wish now to solve the following finite difference scheme (without a source term):

5 — a4 — ¢ — 204+ Py
7qu+12] day Hk*"’)w —0 (1.22)
) )



10

CHAPTER 1. INTRODUCTION

1D adv.-diff., u = 25, k = 0.5, alpha =uh/2k= 2.5
phi(0)=0, phi(L)=1, f=0

phi(x)

O<x<L

= Theoretical sol. —3— Central diff. Upwind diff. —e— Exact artif. diff.

Figure 1-2: Central & upwind differences and exact artificial diffusion method for a = 2.5
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ksi_bar =f(alpha)
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Figure 1-3: € plotted versus a

where % is determined when approximating at best the exact solution (Equation 1.14) by:
_ 1 )
k= 5“’15 (1.23)
where we retrieve as in [9] («, the element Peclet number, is defined by Equation 1.18):
- 1
§=cotha— = (1.24)
a

Figure 1-3 plots £ = f(a). We notice that lillbz = §. When we apply this exact artificial
a—

diffusion scheme to our problem, we see that the exact solution is satisfied exactly at the nodes
(see Figure 1-2).

Remark 2 central differences correspond to k = 0 <= € = 0.

Remark 3 upwind differences correspond to k = “—2}’ = =1
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1.5.2 Petrov-Galerkin Method
We will now derive a variational method similar to the exact artificial diffusion method. Starting

from the original differential equation 1.1, a weak form can be obtained by premultipying it by
a weighting function w and integrating over the domain:

L
/ w (—ud , + ke g + [) dw =0 (1.25)
0

w =0 at x =0 and = = L (as Dirichlet boundary conditions are assumed). Integrating the
advective and the diffusive terms by parts leads to:

L L
/ ('ugz up — 'ugzk:(,b’z) dx + / wfdr =0 (1.26)
0 0

This form is unfortunately as ineffective as the central differences method in advection-
dominated cases. In order to correct this fact, we consider adding to the left-hand side of
Equation 1.26 the following term:

A

a
> / P (b + ko + f) d (1.27)
A=1 7TA-1

where p is a linear function of w. Integrating Equation 1.26 by parts and adding the terms
defined by Equation 1.27 leads to:

Amax x4 Amax—1
> / (W+p) (—ug o+ koo + [ dr+ > wlwa) (kg (ah) —kda(xy)) =0 (1.28)
=1 VTA-1 A=1

from which we can identify the following Euler-Lagrange equations:

o —ud, + ko, + f =0 in every element interior |xa—1, 74|

o ko (x) = k¢ ,(a7): continuity of flux across element interfaces

The whole point is to define p based on the exact artificial diffusion method:

P=TUwg (1.29)

where 7, the element intrinsic time scale, is given by:

k.
T=—s 1.30
e (1.30)
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@ @
A A

Figure 1-4: Galerkin and upwind Petrov-Galerkin weighting functions

Remark 4 in advection-dominated cases, & — 1 and therefore T = ﬁ

So technically this Petrov-Galerkin method consists in adding to the original Galerkin scheme
terms of the form:

Amax  pxy
Z/ TLogow (Lo — f) da (1.31)
A= /Al
where:
Logy = 'u2 (1.32)
ado = U0z ’

This leads to discontinuous weighting functions N4 as illustrated in Figure 1-4. We also
define for the advection-diffusion case:

> e
Laizr = 7#@ (1.-5-5)
L = Logw+ L:diff (1.34)

1.5.3 Galerkin-Least Squares

Unfortunately, £ cannot be always decomposed into an advective and a diffusive part. The
Galerkin Least-Squares method is a generalization of the Petrov-Galerkin concept and consists
in taking the entire £ as part of the weighting term:

Amax

P
Z/ TLw (Lo — f)dx (1.35)
A= Jwan
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1.6 Finite Increment Calculus (FIC) Method (Onate’s Approach)

Onate [42][43] has discussed a natural way to retrieve stabilization terms introducing the concept
of balance over a finite domain. In contrary to what has been discussed before in the so-called
”Hughes approach”, where stabilizing terms were added after discretization in order to modify
the original Galerkin scheme, the Finite Increment Calculus approach uses the standard Galerkin
method applied to a modified differential equation. It will later be shown that both approaches
applied to our problem provide the same Euler-Lagrange equations.

The two main reasons of having a close look at this formulation are the following: on the
one hand it should help us justify ”physically” the form of the stabilizing terms given in the
GLS formulation, and on the other hand it should also introduce a directional character into
the stabilizing terms.

In the following development we consider the one-dimensional advection-diffusion problem.
A similar discussion could be made over a 2D or 3D domain or considering the Navier-Stokes
equations. In section 3.3, we will derive our own governing equations (equilibrium and balance
of mass) following the same guidelines.

1.6.1 Governing Equations

Consider the standard 1D advection-diffusion problem over a domain of length ! (see Figure
1-5) with boundary conditions ¢ = ¢ at + = 0 and ¢ = G at @ = I. f(x) is a source term
and u(x) is the known velocity field which transports the unknown ¢. Figure 1-6 illustrates a
finite-dimension balance domain AB with AB = h. Balance of fluxes between point A and point
B reads:

> " Fluxes = [Fluxes at A] — [Fluxes at B| + fh =0 (1.36)

Expressing the diffusive flow rate ¢ and the advective transport rate [u¢] at point A with
respect to their value at point B with the help of Taylor expansions allows us to write:

ar = alen—h) =qlen) = h | +O(?) (1.37)
'IB
[upla = [ug|(xp —h) = [ug](xp)—h % +0(h?) (1.38)
]

Introducing Equations 1.37-1.38 into 1.36 noting that the position of B is arbitrary, i.e.
xp = x gives after simplification:

dlug]  dq
B S A =0 1.39
dx dx +f ( )

Introducing Fourier’s law (¢ = —k%) and assuming u to be constant:

g+ kg + =0 (1.40)
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f(x)

5 u(x) g

74
A

4
A
5 I
X
Figure 1-5: 1D advection-diffusion problem

and we recover the standard form of the 1D advection-diffusion problem, where v the advec-
tive material parameter has been taken equal to 1.

1.6.2 Retrieving the Balancing (or Artificial) Diffusion Concept

Assume the advective term has an important variation which implies the extension of the Taylor’s
expansion up to the third term:

dlud]
dx

[ugla = [ud)(zp — h) = [ug](zp) — h

5 2 da?
Introducing this new approximation into balance of fluxes (Equation 1.36) leads to:

dlug)  hd?[ug) dq
= =0 1.42
dx 2 dx? dx +f ( )

and finally, using Fourier’s law and assuming a constant velocity u:

uh

—ud , + (k + 7) Gpp+ =0 (1.43)

We therefore notice that accounting for a higher approximation of the advective term in-
troduces naturally an artificial diffusion %h in the governing equation which is function of the

characteristic length h. It can be expressed as:

h = afl® (1.44)
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O

. I
— —
[up]l, A

74 74
A A
X,= Xg-h Xg

Figure 1-6: Balance domain

where ¢ is a characteristic element dimension (in 1D the element’s length) and a® a stabi-
lization parameter to be determined.

1.6.3 Generalization of Stabilization

Assume now that the diffusive term has also to be expanded up to the third order and a linear
variation of the source term f over AB. We can therefore write the following expansions:

dq h? d%q 3
= xp—h)=q(xp) —h — - — O(l 1.45
qA q(zp — h) = q(zB) L D a B+ (h°) (1.45)
_ . _rf. df 2 S
fa = flep—h)=flzg)—h—| +0(h%) (1.46)
dr|g
The balance of fluxes now reads (replacing xg by x):
1
ale) + u)(w) — alr — ) — (bl — B) — (@) + Sz~ R)] =0 (1.47)

and introducing Equations 1.41, 1.45 and 1.46 into 1.47 yields finally:

I
r—gra=0 (1.48)
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with 7 the residual of the advection-diffusion equation defined by:

r=—ug,+ ko, + f (1.49)

Remark 5 clearly, at the limit when h — 0, Equation 1.48 gives the standard advection-
diffusion equation.

Remark 6 the term —%7'71 introduces stabilization at the level of the differential equation.

Therefore, a standard finite-element method such as Galerkin can be used.

Remark 7 the directional character of this method is obvious in the multidimensional case

where comes 7 — ThT oy — 6 —
where Equation 1.48 becomes v — 3h*7r =0. In 3D, h=| h, h, h,

1.6.4 Stabilized Neumann Boundary Condition

Writing the balance equation at a boundary point (see Figure 1-7), where this time the length
of the domain has been taken as h / 2 and f is supposed to be constant over the domain:

— ) h
71— q(r4) = [ugl(za) = 5f =0 (1.50)
withwq = 25— g, we retrieve, after expressing (+) 4 values in function of () g values through

second-order Taylor expansions:

do h
b k— 4+ —=r=0 1.51
[ug] + e +79q 5" (1.51)

where 7 is expressed by Equation 1.49.

Remark 8 the need to take h / 2 as domain length will become clear when we derive the weak
form and compare it with the Petrov-Galerkin method.

1.6.5 Discussion, Equivalence with Petrov-Galerkin Method

We obtain a weak form by premultiplying the stabilized differential Equation 1.48 by a weighting
function w and integrating over the domain (here from 0 to [):

! h
/ w (7' ——r x) dr =0 (1.52)
0 27
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V4 V4
A A
—>
X

Figure 1-7: Balance domain next to a Neumann boundary condition

Integrating the second term by parts yields:

1

! hoft h
/ wrdr + — / wrdr — [—'u"r} =0 (1.53)
0 2 Jo 2 o

Regrouping the first two terms and noting that w = 0 at @ = 0 (Dirichlet boundary):

/l ,‘_;'_ﬁ,‘ “d: ﬁ‘
A w 2{1@ rax 2&]

we introduce the stabilized Neumann boundary condition (Equation 1.51):

=0 (1.54)

x=l

1
/ ('m + }—21'117’1) rdz — w (—ud+ ko , +7q) ‘z:/ =0 (1.55)
A ,

or, introducing the sum over all elements and assuming w and ¢ to be globally C° but
suffering from slope discontinuities at element boundaries (therefore yielding jump terms):

A s A1
Z / wrdr + Z W(w4) (k5 (x]) = ko 5 (7)) — w (—ud + ko , +7) |, =0 (1.56)
A=1 V®A-1 A=1

where w = ('m + %m’z). We indentify the following Euler-Lagrange equations:

o r=—ud, + k¢, + f=0in every element interior Jx4_1, 4]
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o ko, (x) = k¢ ,(a7;): continuity of flux across element interfaces

e —uptkd,+q=0atx=1

Remark 9 the first two Euler-Lagrange correspond to the ones we have derived in the Petrov-
Galerkin case.

Remark 10 hadn’t we stabilized the Neumann boundary condition, we would not retrieve the
classical boundary condition at x =1, but instead —u¢p + k:(,b’z +q— %r =0.

Remark 11 the term weighting the residual takes the form w + %u‘,m. This is similar to the
one we have derived in the Petrov-Galerkin case (see Equation 1.28): w+ p with p = Tuw , and
h

T:m,
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Chapter 2

Preliminaries

In this chapter, different basic concepts are introduced (see Figure 2-1). First, we speak of
principles governing continuum mechanics. Then, a brief introduction on elastoplasticity is
made (constitutive modelling), and finally the standard finite element displacement formulation
is applied to elasticity and elastoplasticity.

2.1 Governing Equations of Continuum Mechanics

2.1.1 Introduction
In the following section, the ingredients that we need to establish the boundary value problem

that we will solve using the finite element method are presented. First, the physical concepts of
stresses and strains are introduced. Then, fundamental balance laws are recalled [3][36], namely:

e conservation of mass (yields continuity)
e balance of linear momentum (yields equilibrium)

e balance of angular momentum (yields symmetry of the stress tensor)

Two basic theorems are also discussed: the divergence theorem and the transport theorem.
Finally the energy balance laws will not be considered here as we will deal with isothermic
problems.

2.1.2 Concept of Stress

External forces applied to a body induce internal forces which can be described by the concept
of stress tensors. These stresses in turn induce strains, and the body moves and/or deforms.

21
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Mathematical Tools

Physical Concepts

Governing Equations

Finite Element Method

Displacements, Stresses, ...

Figure 2-1: The global picture
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Figure 2-2: Concept of traction vector

Looking at Figure 2-2, we can define a traction vector t as:

Af
b = Jim X7 (21)

Cauchy postulates that the traction vector t remains unchanged for any surface having at x
the same normal n, which allows us to express t in function of n, introducing the Cauchy stress

tensor o:
tn)=0-n (2.2)

with:
0 =0pq (€p @ €q) (2.3)

where e, is the p-th Euclidean basis vector. In a three-dimensional space, o will have nine
components:

011 012 013
O =| 021 022 023 (2.4)

031 032 033

We will see later on that the balance of angular momentum allows us to show that o = o7

and therefore that o has only six independent components.
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o(X.1)

Figure 2-3: Reference and current configurations

2.1.3 Concept of Strain

Change of Configuration

To quantify the motion of a body, it is useful to represent it under two different configurations
(see Figure 2-3): a reference configuration, where a given material point is indicated by
X, and a current configuration, where the same material point is designated by x. Both
configurations are related through the definition of the motion ¢:

x = ¢ (X, 1) " ¥ (X, 1) (2.5)

The displacement vector u is defined by:

w(X, ) = x(X,t) — X (2.6)

Deformation Gradient

The deformation gradient F is a tensor given by:

ad) nolation 0X
F=ix = & (2.7)
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or, in component notation:

Fi = 2.8
e (28)
The determinant of F is called the Jacobian determinant:

J = det(F) (2.9)

Green Strain Tensor

To quantify the deformation of a body, it is usual to study the variation of the squared-distance
between two neighbouring points. If we take a look at Figure 2-3 and we express the value of
dS? in the reference configuration and ds? which corresponds to dS? in the current configuration
with the help of the Pythagorean Theorem:

(152 = dXKdXK = dXﬂlXJ(S[_] (210)
ds® = dryday, (2.11)
Chain rule implies that:
lr), = 1X 2.12
day = 5o dXr (2.12)

and therefore, introducing Equation 2.12 into Equation 2.11:

Jxy, Oxyp

2

¢ = ———dX7dX 2.1
* 0X710Xy 1027 (2.13)

The difference between the two values ds? — dS? is a function of the deformation only. It
does not depend on the rigid displacement of the body. Therefore we write:

ds? — dS? = (g—‘;(k[ g;{’; . J> dX7dX; (2.14)

In Equation 2.14, we identify the expression inside the parentheses with 2E7; and we call E
the Green strain tensor. Equation 2.8 shows that we can express E as:

E= % (FTF -1) (2.15)

It is more common to express E in function of the displacement field u. Noting that Equation
2.6 implies:
dl‘k o duk an o 81%

O _ _ Du 2.16
ox,  0x,  ox; ox; oM (2.16)
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We finally get, as a final expression for the Green strain tensor components Ejz:

1 Bui 8uj B’U,k 81%
Erj== R 2.17
=3 (aXJ toax; T axg aXJ) (217)

Small Strains

A linear approximation to small strains can be made if we make the assumption that for any
dS, the rotation and the dilatation are small enough. In this case, the reference and the current
configuration are unified. We also neglect the second-order terms in Equation 2.17 and this
allows us to write the components of the infinitesimal strain tensor ;5 as:

o 1 8ui 8uj dgf
2 (arj + BIZ—) = UGiy) (2.18)

2.1.4 Divergence Theorem

The divergence (or Green’s) theorem allows us to express a surface integral into a volume integral
(or vice versa). Assume we have a continuous vector-valued function F. Then, assuming that n
is the unit outward normal to V', and S = 9V:

/ (n-F)dS — / div(F)dV (2.19)
5 v

2.1.5 Conservation of Mass

The total mass m(t) of a body B at time ¢ can be expressed as:

m(t) = /V pdV (2.20)

The value of the spatial derivative of m(t) indicates the amount of mass that flows into a
control volume V (see Figure 2-4):

B'gf(f) = / 9 iVJr/S:(pv-n) dS =0 (2.21)

Applying the divergence theorem allows us to write:

/ (pv-n)dS = / div (pv) dV (2.22)
S v



2.1. GOVERNING EQUATIONS OF CONTINUUM MECHANICS

S

Figure 2-4: Control volume V'

And combining Equations 2.21 and 2.22 leads to:

‘/V [% + div (/)v)] dV =0

Argueing that V' is arbitrary, we retrieve the continuity equation in its local form:

dp .
— +div(pv) =0
Bt (pv)

We can also express this equation writing:

. 7] .
div (pv) = 3 (pvi) = pvi + pviz = v - 3,7 + pdiv (v)

O;
Introducing 2.25 into 2.24 we retrieve:

0
B—? +v- ngr pdiv(v) =0

or, using the definition of the material time derivative:

de) o) =
@~ ot TVVe

27

(2.23)

(2.24)

(2.26)

(2.27)
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we get the material form of the continuity equation:

dp
E + pdiv(v) =0 (2.28)

If the material is incompressible, <2 vanishes and we retrieve the well-known incompressibility

condition:

7dt

div(v) =v; =0 (2.29)

2.1.6 Reynolds Transport Theorem

Reynolds transport theorem expresses the material time derivative of a volume integral, where
the control surface isn’t fixed in space, but instead is defined as the boundary of a given mass
system. For instance, consider the following expression:

7 /J.AdV (2.30)

where A may be a scalar, vectorial or tensorial continuous function (physical quantity per
unit mass). If we express the above quantity as the sum of the time derivative of A in V and
the surface flux:

d
— d
dt/VpA Vv

/‘,%(/)A)(zv+19(,,A)v,nds
- /V [a(f’A) +di’v(/)Av)} w

ot

/ [J%_f +.A +.A div(pv) + pv - VA]

T op 0A .
- /A[df +d1l(pv)} dV+/ [dt tv vA} o (231

The first term vanishes because of the conservation of mass (Equation 2.24) and we finally
get:

4 / pAdV — / [ My VA] av (2.32)

Introducing Equation 2.27, we get the simple result:

—/ pAdV = //}—AdV (2.33)
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S

Figure 2-5: Equilibrium of a body V'

2.1.7 Balance of Linear Momentum

The balance of linear momentum expresses the fact that the total forces (body and traction)
acting on a given body V (see Figure 2-5) are in equilibrium with the rate of change of linear

momentum: .
/ £dV + / tdS = = / pvdV (2.34)
v s dt Jyv
The notion of stress tensor o, introduced by Cauchy, and the divergence theorem allows us

to write:
/tdS:/(a-n) (IS:/ div(o)dV (2.35)
S S v

The right-hand side of Equation 2.34 can be written (due to Equation 2.33):

d [ " dv
= W= p==av 2.36
at "V /Vp dat (236)
We finally get:
i
/ [d'iv(a) + f*ﬂg] dv =0 (2.37)
v dt

And therefore, argueing that the volume V' is arbitrary:

div(o) +f =p— (2.38)
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«—Wwm

e €

Figure 2-6: Balance of angular momentum of a body V'

In the static case, we can write Equation 2.38 in indicial notation as:

055+ fi =0 (2.39)
2.1.8 Balance of Angular Momentum

At any point x of a given body V' (see Figure 2-6), the balance of angular momentum (or moment
of momentum) allows us to write:

/ (f x %) dV +/ (txx)dS =L [ (pvxx)av (2.40)
v s dt Jy

If we expand and consider the e; term (eq being the first Euclidean basis vector), this leads

to:
. . '
/ (f2J73 — fg.lfg) dV + / (fg;rg — 1‘3.172) dsS = ((l_f / P ('1'2.173 — '173;172) dv (241)
v S Vv
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The right-hand side of Equation 2.41 can be written (thanks to the transport’s theorem):

d

5] (vaws — v3wa) dV = / p ('112'113 + Uy — V33 — 'lfg;vg) dv
dt Jy v

= / p ('U'g;vg — 15312) dv (2.42)
v

The second term of the left-hand side of Equation 2.41 can in turn be expanded as (using
Cauchy’s stress tensor principle and the divergence theorem):

/S (targ —tzra)dS = / n;0903 — N;05312) dS

(d 0391 1‘3 - d((Ti3Ll72)> av

dx; dx;

do; do;
/ <022523 a2 by — o 3) av
v dx; dx;

/ (m + 2592 _ o d‘”?’) av (2.43)
v dx;

dx;

Collecting terms, we can rewrite Equation 2.41 in the following form:

o ;
/ (032 —023)dV = —/ T3 (t +f2—/"'2) av
v v dx;
" lo; .
- / s (‘—23 +fs— ,nrg,) av (2.44)
Vv (l;lfi

Both terms on the right-hand side vanish due to balance of linear momentum (equilibrium)
in the e2 and e3 directions, which means that:

\/V ((732 - (723) dvV =0 (245)

V' is an arbitrary volume. This leads to:

032 — 0923 (246)

And considering similarly the es and ez terms of Equation 2.40, we finally obtain the sym-
metry of the stress tensor:
oc=0oT (2.47)
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2.2 Constitutive Modelling

2.2.1 Introduction

Constitutive equations relate static and kinematic variables, i.e. in our case stresses and strains.
Unlike balance laws, these equations are material-dependent. In this chapter the following
assumptions are made:

e the material is isotropic and isothermal

e the strains are small, which allows us to use ;; instead of Er;

2.2.2 Linear Elasticity

The generalized Hooke’s law writes:
05 = Dijric (2.48)

In the linear isotropic case, Dyj coefficients are function of two parameters. Usually, Young
modulus E and Poisson ratio v are used. In the three-dimensional case, symmetry of the stress
and strain tensors allow us to write a 6 x 6 matricial representation of Equation 2.48 as:

o =De (2.49)
where the stress vector o is defined by:

011
022
012
033

013

023
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The strain vector € reads:

€11

£922

2e12

e =

£33

£13

2¢e93

and D can be expressed as:

_(1—1/) v 0 v 0 0]
v (1-v) 0 v 0 0
E 0 0o L= 0 0 0
T a-w) |, vo0 (1=1) 0 0
0 0 0 0o = 0
|0 0 0 0 0 2]

Alternatively, Lamé’s coefficients A and g (the shear modulus) can be used:

vE
AT O oa—w)
E
A TE

They yield a simple expression for o;;:

05 = Aeppbij + 2pe4;

33
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and the expression for D writes:
( A2 A 0 A

0

A A2 0 A 0
0 1t 0 0
0

o o > O
oS O © o ©

A
0 0 0 1
0

Remark 12 the factor 2 introduced in Equation 2.51 derives from the fact that 019 = pya,
whereas €13 = %712 (v12 18 the engineer shear strain). This also simplifies the expression of D.
The same applies to (e),5 and ()q;quantities.

2.2.3 Plasticity

Basic Ingredients

When elastic behavior is considered, deformation is reversible. Removal of the applied loads will
result in the total recovery of the induced deformation. The limit of application of elasticity,
defined by the yield condition f(o) = 0, depends on the considered material as well as the
amount of deformation.

Plasticity implies that a part of the deformation is irreversible: elasto-plastic straining will
leave a permanent strain (called the plastic strain) after stress removal (as can be seen on
Figure 2-7). Plastic deformation is path dependent: there is no one-to-one correspondence
between stress and strain during plastic deformation. It follows that the constitutive equations
for plastic deformation must be expressed in differential equations or incremental form, even for
rate-insensitive plasticity.

The total increment of strain Ae will be decomposed into an elastic part Ae® and a plastic
part AeP:
Ae = Ac® + A€P (2.57)
The relationship between the elastic strain increment and the stress increment is governed
by:
A(T,'J' = DijklAle (2.58)
Equation 2.58 can also be written in the following manner, thanks to Equation 2.57:

Acij = Dyt (Aey — Ach) (2.59)

The general plasticity framework exhibits the following features [34]:
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Figure 2-7: 1D o-¢ curve

e the additive decomposition of the strain increment tensor (see Equation 2.57).

e a yield condition (or yield function) in stress space. This condition defines the stress
states for which the material exhibits plastic flow, the initiation of the plastic process. For
stress values below that surface in stress space, deformation is linear elastic. The yield
condition can be expressed in its general form by:

fle)=0 (2.60)

The yield condition provides only one additional equation, while the new unknown Ae?
has (in 3D) six independent components. Therefore, an additional rule governing plastic
flow must be provided. This flow rule can be deduced from experimental observations,
but from the theoretical point of view it is derived from the postulate of maximum plastic
dissipation which expresses that among all stress states o* satisfying the yield condition,
the power o* : AeP is maximized by the actual stress o. This condition holds if the
direction of the plastic strain increment is normal to a convex yield surface.

e the flow rule, which expresses the direction of the plastic strain rate, can be written:
of
Ae? = Ay 2.61
Vo0 (2.61)
Ay, the plastic multiplier, is a scalar controlling the magnitude of the plastic strain in-
crement. Unfortunately the condition that this rule is associated with the yield function

does not hold for every case, especially for pressure-sensitive materials like soils or rocks.
A more general expression therefore holds, depending on g(o), called the plastic potential:

AeP = A'y?—g del Avyr 2.62
oo
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e a hardening law, defining the evolution of the yield surface in time. For perfect plasticity,
which is considered here, the yield surface remains constant and this ingredient is not
necessary.

e the loading / unloading criteria: in the elastic regime the yield function must remain
negative and the plastic multiplier Ay must be equal to zero, while in the plastic regime
the yield function must be equal to zero and Ay must be positive. The Kuhn-Tucker
conditions express this fact:

Ay fle) = 0 (2.63)
Ay > 0 (2.64)
flo) < (2.65)

e during plastic flow, the stress remains on the yield surface, and so the yield function
remains equal to zero for a certain period of time. Therefore, another condition, called
consistency requires that the derivative of the yield function vanishes whenever Avy is
positive:

Ay fle) =0 (2.66)

This last ingredient allows us to determine the elastoplastic material stiffness matrix D
which is used in the computation of the tangential stiffness matrix in finite element com-
putations. The derivation of D’ will be carried out in section 2.3.2 when linearization is
discussed.

An elastic-perfectly plastic model is totally defined by its yield function and its plastic

potential. The two following sections present examples of plastic models widely used in numerical
simulation.
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Figure 2-8: Von Mises yield surface: a) 3D representation - b) Deviatoric plane section

von Mises Criterion

This criterion assumes that plastic yielding will occur when the second invariant Jo of the
deviatoric stress tensor s reaches a critical value A2, which is a material property. This criterion
applies mainly for metals. It is expressed by:

flo)=+/Ja—k=0 (2.67)

where Ja, the second invariant of the deviatoric stress tensor s can be calculated by:

1
Jo = < (2.68)
2
and sy is defined by:
1 .
Sij = 045 — gnk;ﬁu (269)
A representation of this criterion in the three-dimensional stress space and in the deviatoric

plane is given in Figure 2-8.

Assuming an associative flow rule (probably the only meaningful rule for von Mises plastic-
ity), i.e. g = f, we can determine the flow vector as follows:
r(o) = R Sij
— . - 21,
do 2T Y

(2.70)
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Figure 2-9: Drucker-Prager yield surface: a) 3D representation - b) Deviatoric plane section

Drucker Prager Criterion

This criterion adds a hydrostatic stress term to the von Mises criterion and therefore is pressure
sensitive. This criterion applies for porous or brittle materials, including soils or rocks:

flo) =aphh+/J2—k =0 (2.71)
a, is a new parameter, and I is the first invariant of the stress tensor o:
I} = ok (2.72)
The plastic potential g is defined similarly as:

g(o) =ayli ++/J2 (2.73)

Drucker-Prager’s yield criterion is represented in Figure 2-9.

An analogy can be made between Drucker-Prager’s yield surface and the more commonly
used Mohr-Coulomb yield criterion. A correspondance links the angle of friction ¢ and the
cohesion ¢ with Drucker-Prager’s parameters a4 and k through a size-adjustment [67].
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2.2.4 Rate Independent Perfect Plasticity
We summarize here the statement of the nonlinear elastoplastic problem. We introduce some

algorithmic concepts that will be developed later in this work, but it might be interesting to
have a global picture at hand.

Equations 3D Plastic case | 3D Elastic case
(G) |divie)+f=0 3eq. & 6o 3eq. & 6o
(i1) &:D(é—ép) Geq.&(jé-‘,—()’ép Geq.&(jé;éPZO
(i) | ¢ = Dé . .
(iv) | o = -Dé" . .
(v) | &=¢e+é Geq &6 & 6eq &6 &
(vi) | &=1 (5’1#3%) 6eoq &30 6eq &30
(vii) & = "yg—g, given g(o) Geq & 17 -
i) | f(o) =0 if plastic process 1 eq. leq &1 f
< 0 if elastic process
Total | 28 eq. & 28 unkn. | 22 eq. & 22 unkn.

The resolution procedure is based on a discretized weak form in terms of displacement
increments: given the displacement u,, the stress o, the strain €, and the plastic strain e}, at
tn, find up,4; and associated variables at t,41, where ¢ is a fictitious time.

The problem has to be solved iteratively as we deal with a nonlinear problem. At iteration
. — . —T .
i + 1, strain increments result from (vi), as Aej,, 1:% (VAUZ 1tV Au, +1). A trial elastic
stress is computed from (iii) as:

airj:l =0, + Aaf:jﬁl =0, +DAe (2.74)

Elastic or plastic behaviour associated with szl is identified through (viii). In the plastic

case, Ay is then computed from f(o 1) = 0 (see Figure 2-10):

) ar|¥
Fon) = f@f+ 2L Aor—0 (2.75)
()0’ a_Lr',‘zl

where Ao? = 7DA7%‘; (from (iv) & (vii)). This leads to:

tr
Ay = LTns) (2.76)
21T og
Jo do
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Figure 2-10: Hlustration of f(o,41) =0

Then, Ael |, Aoty and finally 0%, = on+ Aok, result, which allows us to express
N(ug, ) as:

N(u,,) = / BTo? ,1dQ (2.77)
Q
The system of equations to be resolved takes the form:

IN (u? p
%An =F, — N(uby) (2.78)

where F,, 11 represents the known applied forces on the system at step n+1. We can therefore
compute a new displacement increment Au through Equation 2.78. The new accumulated
increment of displacement Auf#lthen reads:

Auih = Aul + Au (2.79)

and we repeat the iterative process until convergence occurs, i.e. until the right-hand side of
Equation 2.78 is less than some prescribed tolerance.

Remark 13 unloading phenomena (i.e. stresses which have reached the yield surface and then
unload inside this surface) are handled without problem by all the formulations described in this
work.

Remark 14 the former development illustrates the standard displacement formulation. In the
mized case, pressure p is introduced as a supplementary unknown field, p appears in the the

constitutive equation expressing o, and a new equation expressing continuity completes the for-
mulation. Details will be given in chapter 3.
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Figure 2-11: Problem statement

2.3 Standard Galerkin Finite Element Formulation

2.3.1 Elastic Case

Strong Form of the Boundary Value Problem

41

In this section, we will consider the standard displacement finite element method applied to
small strains linear isotropic elasticity. Consider a body €, its boundary 02 = T' = I'y, UL,
with T'y, N T, = 0, with ¢ = 1,..., n4, where ngg stands for the number of spatial dimensions

(see Figure 2-11).

We start with the following strong form (S) of the boundary value problem: given f; : Q@ —

R, g; : T'g, — R and h; : Ty, — R, we wish to find u; : € — R such that:

0455+ fi = 0 in
u = g on Iy,
oyn; = Iy on I'y;

with the following constitutive relation:

045(0) = Dijricr (1) = Diriug,

(2.80)
(2.81)
(2.82)

(2.83)

Equation 2.80 represents the static equilibrium condition and derives from the governing
principle expressing the conservation of linear momentum. Equation 2.81 is an essential bound-
ary condition on the displacement field which must be enforced on the I'y, part of the boundary,

while Equation 2.82 is a natural boundary condition appearing on I'y,;.
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‘Weak Form

We begin with the definition of the following spaces:

S; {u; € Hl(Q) | ug=g;on Ty} (2.84)
V; = {w; € H(Q) |w; =0o0nT,} (2.85)

S; represents the trial solution space and V; the weighting function space. We premultiply
Equation 2.80 by a weighting function w; and integrate over the domain:

/ w; ((Tij’j + fL) d2 =0 (2.86)
Q
Integrating the first expression by parts, we get:

—/'urwmjdﬂ—i-/'mimj‘n,jdf‘—&-/u‘if,'dQ:O (2.87)
Q T Q

As 045 is a symmetric tensor (thanks to the conservation of angular momentum), we can
replace w;; by w5 in the first term of the left-hand side. The boundary term is decomposed
in two parts corresponding to the two types of boundary conditions, essential and natural:

Nsd
— [ wy0i5dS + /
/Q (i.9) i€ Z( .

i=1

u‘iaijnjdf +/ u‘icrijnde> Jr/ ’ll'ifidQ =0 (288)
Q

93 Ry

The first part of the boundary term will now vanish as w; = 0 on I'g, (w; € V;). The natural
boundary condition (Equation 2.82) is introduced in the second boundary term and this finally
leads to:

Nsd

Wi 03;dS) =
_/Q (4,4) 015 € ;/F

We can now express the weak formulation (W) of the problem as follows: for i = 1,..., g4,
given f;, g; and h; as before (in (S)), we wish to find u; € S; such that, for all w; € V;, the
following scalar equation holds:

'uvihidFJr/ w; frd$) (2.89)
Q

hy

n n Mgd n
A we ) Dijrati (g2 = / wifidQ+ Y / wihgdl (2.90)
Q Q i=1 7/ Th;

In Equation 2.90, the constitutive equation 2.83 has been introduced.
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Equation 2.90 can also be expressed in abstract form:

a(w,u) = (w,f) + (w,h). (2.91)

Galerkin Form

The Galerkin (G) counterpart of the weak formulation (W) is obtained by introducing finite-
dimensional subspaces of S; and V;:

St = (Wl |uf ~gionTy} (2.92)
VP o= {wl|wl~0onTy,} (2.93)

In order to separate the unknowns from the known boundary quantities specified on T'g,, it
is useful to decompose the displacement trial solution uf in the following way:

w! = of + g} (2.94)

The ? superscript denotes the approximation due to the discretization. 'U? lies in the weight-
ing function space Vih while gf results in the approximate satisfaction of u; = g; on I',. (G)
can therefore be stated in abstract notation as: given f;, g; and h; as before, we wish to find
ult = ('zv? + gf’) € SP such that, for all w? € V!, the following scalar equation holds:

a (wh,vh) = (wh7 f) + (Wh7h>1“ —a (wh,gh> (2.95)

Vector Notation In order to simplify the construction of the matrix formulation, the terms
of Equation 2.95 are redefined as follows in vector notation:

a (wh,vh) = Ae (wh)TDr-: (vh) dQ (2.96)
(wh,f) - A (wh)deQ (2.97)
(wh,h)r - /F (wh)ThdF (2.98)

a (wh, gh) /Qe (wh)TDr-: (gh) dQ (2.99)
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Matrix Form

At the Global Level Specifying the approximation on the displacement field by introducing
the interpolation (or shape) functions N4 (x) that will give a basis for v*, g and w":

fx) = ) Na(x)dia (2.100)
AET/*”;/,‘,

g = D Na(x)gia (2.101)
AE’r]yi

wl(x) = Y Na(x)ca (2.102)
Aen—mn,,

where 7 denotes the set of global displacement node numbers, and 7, C 7 the nodes belonging
to the essential boundary condition, i.e. Ig;. d;4 is the unknown displacement at node A €
1 = 1lg;, on degree of freedom i. g;4 is the known displacement at node A € 1),,, on degree of
freedom 4. Finally c;4 is some virtual displacement at node A € 1 —17,,, on degree of freedom
i. Let e; denote the i-th Euclidean basis vector for R™s. Then:

vho= afe; (2.103)
g = gle; (2.104)
wht = whe; (2.105)

Introducing Equations 2.100-2.105 into the Galerkin (G) form (Equation 2.95) leads to the
matrix form (M) of the problem. Invoking arbitrariness of w”, one gets:

(K] {d} = {F} (2.1006)
where the left hand-side matrix is derived from the vector notation of (G) (Equation 2.96)
and reads:

K= / BTDBdQ (2.107)
Q

d is the unknown displacement vector, regrouping all d;4. B is the strain-displacement
operator, defined by:

e (vh> =Bd (2.108)
Finally, the right-hand side is explicitely given by:

F= / NT£aQ + / NThdl' — Kg (2.109)
Q Ty,
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At the Element Level The following elemental contributions result from Equations 2.107-
2.109. First, the strain-displacement relation described in Equation 2.108 can be redefined at

the element level: N

e (vg) =Y Bid (2.110)
a=1

where v? is the approximated displacement field inside the e-th element, d€ is the nodal
displacement vector associated with the e-th element and 7y, is the number of displacement
nodes of the considered element. B¢ has the following structure in the three-dimensional case
(nsg = 3):

Noi 0O 0
0 Naz O
pe — | ez Net 0 (2.111)
0 0 Nags
Ng3z 0 Ngi
0 Naz Nag |

where Ny ; = 4%: . Introducing the following notation for the displacement equations’ num-
i
bering:

p = mngla—1)+i (2.112)
q = ng(b—1)+j (2.113)

1 <p,qg < ngglen. 1 < 0,7 < ngg, 1 < a,b < ney, we can specify the definition of the
1

e,
elemental contributions. In the following, the symbol A1 denotes the assembly operation, and
a=

N is the number of elements.
Ty .
e K= a/:llke, and k® = [k';qJ with kp, = el er B DB;dS e,

el X X
e F = zillfe, and f¢ = [fzﬂ with ff = [ N§fidQ + jrff’i;, NghidQ — ks ge, and g5 = g; (x§)

a=
if and only if x7 € Ty

2.3.2 Plastic Case

Introduction

Following the guidelines established in the elastic case, we can now apply the standard finite
element formulation to elastoplasticity. The same hypotheses still hold, as well as the vector
notations defined before. As an additional hypothesis, the material will be considered to be
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perfectly elasto-plastic (no hardening). As we deal with plasticity, which means that the
stress-strain state of the material is history- or path-dependent, we can’t use the constitutive
equation 2.83 in the integral form as we did when we dealt with linear elasticity. Instead, we
have to express it in the rate or incremental form (both forms are equivalent as long as we speak
of time-independent processes, which is the case here). The incremental constitutive equation

reads:
Ao (u) =D [Ae (u) — AeP (u)] (2.114)

In the preceding equation, the additive decomposition of the strain field into an elastic
and a plastic contribution has been used in order to replace Ae® (u) by Ae (u) — Ae? (u):

Ae (u) = Ae® (u) + AeP (u) (2.115)

Recalling the three other basic ingredients of plasticity, i.e. the definition of a yield func-
tion:

flo)=0 (2.116)
the introduction of a flow rule:

AeP (u) = A'yg—é]_ =Ayr (2.117)

where Ay is the scalar plastic multiplier and g is a function called the plastic potential, and
finally consistency implying:

Ay (o) =0 (2.118)

we can express the elastoplastic problem in the following form:

Strong Form

Given as before f; : @ — R, g; : Ty, — R and hy : Ty, — R, we wish to find u; : 0 —R
such that:

0455+ fi =0 in Q (2.119)
u = g; on Iy, (2.120)
oygng = Ny on Ip, (2.121)

The evolution of the stress tensor o is related with the unknown displacement field u through
the constitutive relation 2.114.
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‘Weak Form

Premultiplying Equation 2.119 by a weighting function w; € V; and integrating over the domain:
/ w; ((Tij’j + fL) d2 =0 (2.122)
Q

Integrating the first expression by parts, using the symmetry of o;; and the fact that w; = 0

on Iy, leads to:
n Mgd n n
‘/9 w5055 (w) dY = Z/ w;ihsdl + ‘/Q'u'ifidﬂ (2.123)
) = /T )

hy

And the weak form can be expressed as: given f;, ¢; and h; as before, we wish to find u; € S;
such that, for all w; € V;, Equation 2.123 holds.

Galerkin Form

Introducing the finite-dimension spaces S C S; and V) C V;, we can express the Galerkin form
of the problem as: given f;, g; and h; as before, we wish to find u? = (v} + gh) € S (with
vP € VP such that, for all w € VP, the following scalar equation holds:

Nsd

/n"“&jwu’ (“h> "= g/r

where 0;; is computed through the constitutive equation 2.114.

wlh;dl + / wh f;dQ (2.124)
Q

by

If we compare this form with the Galerkin form that we have derived in the case of elasticity,
we see that we have dropped the decomposition of uf into v# and g?. This has been done for
the sake of simplicity. We will see in the matrix formulation described next what this implies
when we introduce the global displacement vector u.

Introducing the vector notation, we can rewrite Equation 2.124 as:

Joe () e () an= [

(wh)T hdl + /Q (wh) " a0 (2.125)

h
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Matrix Form

We now specify the approximations of the displacement field as follows:

wl (x) = Y Na(x)uia (2.126)
Aen

wf(x) = > Na(x)cia (2.127)
Aen—ny,

And now comes the following assumption, taking into account the fact that u; 4 has to contain
the prescribed displacements on 7,

/" unknown displacement if A € 1 —1,,

ujA = (2.128)
\ 9iA if Ae Tg;

Introducing Equations 2.126-2.127 into the Galerkin form, and invoking arbitrariness of w”,
one gets:

/ BTo (uh) Q0 = / NThdl + / NT£dQ L F oy (2.129)
Q Iy Q

As we deal with nonlinear elastoplasticity, a residual-driven iterative scheme will be necessary
in order to converge towards the correct solution. The preceding equation must therefore be
satisfied at step (n + 1), iteration (i 4 1):

/Q BToLdQ = Feptpn (2.130)

Linearization of the Equilibrium Equation Rewriting Equation 2.130 as:
/9 BTA0 ! dQ = Fetni1 — /9 BT ,d (2.131)

where we have introduced:
i+l i+l
o =0+ Aoy (2.132)
We will now use the incremental constitutive equation (Equation 2.114) in order to express

Aa'f;jrll in function of Aef;jrll (dropping the indexes in order to simplify notation):

Ao (uh> -D {Ae (uh) ~ Ae? (uh)} (2.133)
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If we are in plastic regime, we can apply consistency as f (o) = 0 (plastic process = Ay > 0).

This leads to: T
= d_f Ag &

T _ A
= 9 a’ Ao =0 (2.134)

/(@)
and multiplying Equation 2.133 by a’ we can conclude:
a’D[Ae — AeP] =0 (2.135)
Introducing the flow rule (Equation 2.117):
a’DAe — a’DAr =0 (2.136)
we can get an explicit expression for the plastic multiplier Avy:

aTDAe
Ay = B DAe 21
7= D (2.137)

Reintroducing Equation 2.137 into Equation 2.133 leads to:

T
a'DAe
Ao =D |Ae———— 2.138
o [ © —TDr r} ( )
and rearranging terms yields:
(DI‘) (Da)T def.
Ao = [D—W Ae=D?PAe (2.139)
that we can express in compact form at iteration ¢ + 1, step n + 1:
i epitl A i /
Aot =DF ALY (2.140)
or: ) ) )
Actl= Dfﬁ?lBAuﬁﬁl (2.141)

During the iterative process, the accumulated value of the displacement is updated as follows:

Auih = Aul + Au (2.142)

Remark 15 the expression for Ay given in Equation 2.137 helps us with the building of the

tangent operator Difffr L but it should be noted that the actual computation of Ay is made during
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the stress return algorithm defined by Equation 2.76.

Matrix Form (Incremental Nonlinear Version) We are now ready to define the incre-

mental matrix form (]\[ﬁltll) of our problem that we will later import into the iterative nonlinear

scheme. Rewriting Equation 2.130 using the definition of Aoijjrll (Equation 2.140) we get:

K] {Au} = {F} (2.143)
with the left-hand side:
K= / BTD*BdQ (2.144)
Q
and the right-hand side: i
F=Feupni1 — / BTo! ,1d (2.145)
Q

In the preceding development, the definition of the accumulated value of Auf;jrll (given in

Equation 2.142) has been introduced in order to isolate Au in the left-hand side, and to compute:
o =0, +Adh,, (2.146)

The nonlinear strategy used to solve the problem can finally be summarized in the following
manner:

Step initialisation: n =0

1. Compute Fegppni1

Iterative loop initiatisation: ¢ = 0

. u2+1 = u, and Au?zﬂ =0

2. Convergence test: | RHS(MEY)| < TOL ?

YES = n + +, goto 1.

e Solve (MEH]) (Equation 2.143)

il il AL
u 'y =1,y + Auand Auy'; = Au;,,,; + Au

i+ -+, goto 2.
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2.3.3 Quality of the Standard Displacement-Based Finite Element Solution

Introduction

The best approximation property [28] stipulates that the Galerkin method gives the best solution
in 8", i.e. the numerical solution u” will be the closest to u, the exact solution, in the following
sense:

a(e,e) <a (Uh —u, U - u) (2.147)

In Equation 2.147, e = u® — u is the error in the finite element approximation while U”

represents any member of S?. This property guarantees good behavior of the finite element
scheme, except in the case where no function in S* is a good approximation to u. This happens
for instance in the case of incompressible elasticity or, by extension, for incompressible (or
dilatant) plastic flow. Popular methods to overcome problematic behavior of standard finite
clements include mixed formulations involving a new unknown field (pressure), or selective
integration techniques. The former method will be treated in depth in the remainder of this
work, while the latter is addressed now.

Illustration of a Fundamental Difficulty
The kinematic condition of incompressibility reads:

wig =0 (2.148)

When dealing with mixed displacement-pressure formulations, it is satisfied in the Galerkin

sense when:
Ney

(qh,div uh) => / ¢"div u"dQ =0 (2.149)
e=1 /¥

where ¢" is a pressure weighting function (we will come back to such mixed formulations later
in this work). Suppose we deal with linear displacement-constant pressure triangular elements.
This implies that ¢” is constant over each element and therefore:

/ div u"dQ) =0 1<e<ng (2.150)

What does this mean? It states the fact that the area of every element has to remain
constant. As a result, node N (see Figure 2-12) is required to move horizontally in order to
satisfy this kinematic constraint in the lower triangular element, and required to move vertically
as a result of the kinematic constraint in the upper triangular element; therefore node N can’t
move (u® = 0) and the reasoning can be extended to a n x n mesh (see Figure 2-13). This
phenomenon is referred to as volumetric mesh locking.
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fixed

Figure 2-12: Tllustration of locking

fixed fixed

fixed

Figure 2-13: n x n mesh
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One Remedy: the B Approach

Development The B approach proposed in [28] is a strain-projection method: a small change
is introduced in the standard strain-displacement matrix B (which was defined in Equations
2.110 and 2.111) in order to underintegrate the volumetric components of the deformation (se-
lective integration), and therefore to release the constraint of incompressibility by lowering the
number of points where it has to be satisfied.

The approach indeed introduces a modification of the dilatational contribution to the stan-
dard B matrix, By, which is underintegrated or averaged over the element. The new strain-
displacement relation then reads:

e (uh) ~Bd (2.151)

with B defined as: o o
B = Byey + Bag (2.152)

On the one hand, Bge, results from the volumetric-deviatoric split of the original B matrix:

Baew = B — By (2.153)

and on the other hand, By; = [B}m, ooy Bgips ..]y 1 < a < nep, where ngp is the number of
nodes of the element. B, is defined by:

Na.,l 17Va,2 17\1(7.,3
Na.,l 17Va,2 17\1(7.,3

1 0 0 0
B}, — - (2.154)
3 ]va,l iNg2 1Va3
0 0 0
0 0 0

Combining all the former equations leads to B = [ﬁ, ..., Ba, ] with:

Ngi + By Bs Bs
By Nag + Bg Bg
B | N 0 (2.155)
By DBsg Ng3 + Bs
Na3 0 N1
L 0 Ng3 N
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where:
By = %(_1—Na,1) (2.156)
Bs = %(_TNM) (2.157)
By — %(‘ 5 — Nus) (2.158)

Finally the method reduces to the appropriate definition of By, Bo and Bia:

Underintegration Approach In this approach, one takes:
B = Bi(&s) (2.160)

For instance, the value at the center of the element can be used to compute the dilatational
contribution for the bilinear quadrilateral element (which ”normal” integration rule is 2 x 2):

Bi(€) = B,(0) (2.161)

Mean-Dilatation Formulation In this case:

— - er BZ(IQ

Bi(&) = T (2.162)

Limitations of the Present B Approach This approach has been shown to overcome volu-
metric locking in the incompressible case for both elastic and plastic regimes. Two shortcomings
remain nevertheless and speak for the building of a more general formulation:

e there is no B formulation for the 2D three-node triangular element (as its ”normal” inte-
gration rule reduces to 1 Gauss point)
e the efficiency of this method in the case of dilatant plastic flow, discussed in [12], is

doubtful, as we will see later in the benchmarks section

This justifies the search for a formulation allowing us to overcome these problems: the
stabilized mixed formulation, described in the next section.



Chapter 3

Stabilized Methods

3.1 A Mixed Approach to Elasticity

3.1.1 Preliminaries

In this section, we consider a problem with the following assumptions: the strains are small and
the material is supposed to be elastic and isotropic. As we have seen in the previous section,
some continuum mechanics problems cannot be solved in a suitable fashion with the help of
the standard finite element method, i.e. with the displacement formulation. This is the case
in particular for problems involving incompressible or nearly incompressible behavior, either in
the elastic or in the plastic range. We have already described a method, the B approach [28],
capable of circumventing this shortcoming in certain cases. In the following section, we will
examine now a mixed displacement-pressure formulation capable of handling the incompressible
limit, and that will still work in the compressible case.

The main problem in the application of the standard displacement formulation lies in the
determination of the mean stress, or pressure, which is related to the volumetric part of the
strain. The trick is to introduce a new unknown representing explicitly the pressure field p,
for which we will solve the problem in the same manner as we already do for the displacement
field u. We separate this pressure from the total stress field o writing the following constitutive
equation in vector notations:

o=De(u) +1p (3.1)
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In Equation 3.1, o is the total stress column-vector:

011
022
o
o={"" (3.2)
033

013

023

D is the deviatoric projection of the elasticity matrix D:
— 1. 7
D=D(I- 511 (3.3)

where D can be expressed in function of the Lamé parameters A and ju:

[A+2¢ A 0 A
A A42n 0 A

0 1t 0
(3.4)

oS ©O o o ©

o o O

A
0 0 0 1
0

and the following relations express the Lamé parameters with respect to Young modulus E

and Poisson ratio v: 5
v
AN ———— 3.5
1+)(1—2) (3:5)

- E
S TE )
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1 is the vectorial representation of the Kronecker delta 6;;:

1= (3.7)

and I is the 6 x 6 identity matrix. Finally, the strain vector £(u) in Equation 3.1 writes:

'111’1
'11272
uy,2 + u21
ewy=4{ 7 (3.8)
uz3

ur,3 + us1

u2,3 + u32

where the comma denotes differentiation in the following sense:

8ui

U,/l"J' = d_l‘J ('59)

3.1.2 The Mixed Elastic Boundary Value Problem

Strong Form

Consider a body (), its boundary 9Q = ' = I'y, UT}, where Iy, NTp,, = 0 with i = 1,...,ng,
where ngg stands for the number of spatial dimensions. As we have introduced a new unknown,
the pressure field p, we need an additional equation so that our problem can be solved. So we
start with the following strong form (S) of the mixed boundary value problem: given f; : Q@ —
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R, g; : T'g; — R and h; : Ty, — R, we wish to find u; : 0 — R and p: € — R such that:

0455+ fi = 0 in (310)
U5 — % =0 in (3.11)
u = g on Ty, (3.12)

ogng = Iy on ', (3.13)

with the linear elastic constitutive relation (UJ'(II) = Dz’jkl’“r(k,z)-

Equation 3.10 represents the static equilibrium condition and derives from conservation of
linear momentum. Equation 3.11 can be viewed as an additional constitutive equation for the
pressure field p. K, the bulk modulus, is expressed by:

E

2
K=Atop=—r
3 3(1—2v)

3 (3.14)

As v tends to 0.5 and reaches the incompressible limit, K tends to infinity. At the limit, the
second term of the left-hand side of Equation 3.11 will vanish and this equation will become the
incompressibility condition, deriving from the balance of mass governing principle:

div (u) =3 =0 (3.15)

Finally Equation 3.12 is an essential boundary condition on the displacement field which
must be enforced on the I'y, part of the boundary, while Equation 3.13 is a natural boundary
condition appearing on I'y,.

‘Weak Form

The weak formulation of the mixed problem is similar to the weak formulation of the standard
displacement formulation, except we need to introduce a term which implies the satisfaction of
Equation 3.11. We begin with the definition of the following spaces:

S = {w e H(Q) | u;=g; on Ty} (3.16)
V; = {w; € H(Q) |w; =0o0nT,} (3.17)
P = {pel*Q)} (3.18)

S; represents the trial solution space, V; the weighting function space and P the pressure
space. As there are no explicit boundary conditions on the pressure field, there is no need for
two pressure spaces: both the pressure solution and the pressure weighting function will lie in

P.

On the one hand, similarly to what has been done in chapter 2, we retrieve the following
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weak form of the equilibrium equation (see Equation 2.89):
Nsd

Wi 03;dS) = /
_/Q (&) 73 ; F

On the other hand, we premultiply Equation 3.11 by the weighting function ¢ and integrate

over the domain:
P ) .
ii— —]d2=0 3.20
\/QQ (uz,z K [¢ ( )

And we can express the weak formulation (W) of the problem as follows: given f;, g; and h;
as before (in (5)), we wish to find u; € S; and p € P such that, for all w; € V; and q € P, the
following scalar equations hold:

'uvihidFJr/ w; frd$) (3.19)
Q

hy

Nyd

/'m(i’j)ﬁijkl'u,(kyl)dQ+/'ur(i’j)&iﬂ)dﬂ = /u‘,'fidQ—&-Z/ w;h;dl’ (3.21)
Q Q o = Jr.,
/ quiidS) — / ql—I;dQ -0 (3.22)
Q Q

In Equation 3.21, the tensorial counterpart of the deviatoric-volumetric split expressed by
Equation 3.1 has been introduced:

045 = 5%1%1 + §ij]’ = Eijlcl“(k,l) + 5ij11 (3-23)

Equations 3.21 and 3.22 can be expressed in abstract form:

a(w,u) + (div (w),p) = (w,f)+ (w,h)p (3.24)

In the transformation from Equation 3.21 to Equation 3.24, the following identity has been

used: ) ) )
/ w(; 4)0s5pdQd :/ W5 pdS :